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LATTICES OF CONVEX SETS
BY
MARY KATHERINE BENNETT

ABSTRACT. If V is a vector space over an ordered division ring, C a convex
subset of ¥ and L the lattice of convex subsets of C, then we call L a
convexity lattice. We give necessary and sufficient conditions for an abstract
lattice to be a convexity lattice in the finite dimensional case.

1. Introduction. In this paper we give necessary and sufficient conditions on
a lattice L so that L is the lattice of convex subsets of some convex set in a
finite dimensional vector space over an ordered division ring, and an extrinsic
characterization of the face lattice of a convex polytope. Although some of
the lattice theoretic terms to be used here are standard, others are not; we
include now a collection of the necessary definitions and notauonal symbols
to be used throughout the paper.

1.1 DErFINITION. Let L be any lattice. L is said to be atomistic iff L is
complete and for x € L, x # 0, x = \/{p|p < x and p an atom of L}.

1.2 DEFINITION. An atomistic lattice L is said to be compactly atomistic iff
whenever p and {p;};c; are atoms of L with p < \/,, p;, there is a finite
subset Io C I with p < V¢, P

1.3 REMARKS. It is well known that an atomistic lattice is compactly
atomistic iff it is upper continuous.

1.4 DEFINITION. Let L be a lattice. The modular center of L, 9N (L) is
{x € L: 9M(a, x) for alla € L}, cf. Definitions 2.3 and 2.4 of [1].

1.5 NOTATION. Any lattice we will consider has the property that (L)
forms a meet-complete meet sublattice. For a, b € 9N (L) we will denote the
joinin O (L) of a and b asa \/ b.

1.6 DerFINITION. Let L be any lattice. The distributive center of L, D(L) =
{(xeLllavVb)Ax=@Ax)V(bAx)forallab e L}.

1.7 NoTATION. In any lattice we will consider, ) (L) will be closed under
arbitrary meets. For z € L we will denote by %(z) the element A{x €
D(L): x > z}.

1.8 DEFINITION. A lattice L is said to be additive iff whenever p is an atom
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of L with p € a\/ b, there exist atoms a, < a and b; < b such that p < q,
Vb,

1.9 DEFINITION. A lattice L is said to be )-additive iff D(a A\ b) =1,
implies that for any atom p < a \/ b, there are atoms a, < a, b, < b such
thatp < a,V b,.

1.10 DEFINITION. A projective geometry is a compactly atomistic modular
lattice.

1.11 REMARK. It is well known that a projective geometry of height at least
4 is the lattice of subspaces of a vector space over a division ring.

1.12 DEerFINITION. It L is a lattice with a well defined height function, an
element of height 2 will be called a /ine in L.

1.13 DerFINITION. If C is a convex subset of vector space V over ordered
division ring R, a subset D C C is called a face of C iff whenever aX + (1 —
a)Y e Dwith0O<a<land X,Y € Vthen X, Y € D. A singleton face is
called an extreme point.

1.14 DEFINITION. A convex set C is called a polytope iff it has a finite
number of extreme points which span C.

2. Main Theorem.

2.1 THEOREM. Let L be a compactly atomistic additive lattice satisfying these
conditions:

(i) For a, b, ¢, d, e atoms of L witha + banda\/ b < d \/ e, then (a \/ b)
ANe=@VONb=(bVINa=0iff @VeNc=(@dVc)Ne=(e
V )N\ d=0. Furthermorea < d \/ biffa AN(e\/ b) =0.

(ii) ON(L) is D -additive.

(iii) Given x,y atoms of L,3z < x \/ y,z # X,z # y, z an atom.

(iv) 4 < h(OM(L)) < oo. L

V) ! alinein OM(L) suchthat 1 < x\/y \/ z; x, y, zatoms; I \ (x \V y) #
0, x,y implies [I A (x V 2)IVIIN(y V 2)] # 0.

Then there exists an ordered division ring R, a finite dimensional vector space
V over R, and a convex subset C C V such that L is the lattice of convex
subsets of C.

Conversely, given R, V and C as above, with the dimension of C not less than
4, the lattice of convex subsets of C is compactly atomistic, additive and satisfies
V).

The remainder of this section will be denoted to proving the theorem stated
above. We shall assume throughout that L will denote a compactly atomistic
additive lattice. In the following lemma, we collect some results which have
been proved in §3 of [1], or which will be proved in §3 of this paper.

2.2 LEMMA.
(i) OR (L) is closed under arbitrary meets.
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(i) IM(L) = {x|x € L and whenever x, x, < x are distinct atoms with
x; < x,\/y andy an atom, theny < x}.

(iii) QR (L) is compactly atomistic. .

(iv) If L satisfies 2.1(i) then for a, b, c atoms of L,c < a\/ b iff c < a\/ b,
a<b\/corb<a\ec.

() If L satisfies 2.1(i) then for p an atom of L,N(L)(p, 1) is compactly
atomistic.

(vi) ) (L) is closed under arbitrary meets. (See 3.2. below.)

2.3 LEMMA. Let L satisfy 2.1(i) and (ii). Then for p an atom of L such that
D(p) = 1, M(L)p, 1) is a projective geometry.

ProOF. By 2.2(v) we need only prove M (L)(p, 1) is modular and
complemented. . _

Letc,a,b € IM(L)(p, 1) with ¢ < b. As alwaysc\/ (@ A b) < (cVa) A\
b.Lett < (¢ \V a) A b, t an atom. Now D(IM(L)) C D (L), hence D(p) = 1
in 9M(L). By the D-additivity of I (L) sincep < ¢ A a, t < ¢; \/ a where
c; and a, are atoms under ¢ and a respectively. If t = ¢, thent < ¢ < V(a A
b) and we are done. If ¢+ ¢, then ¢,V a,=¢; V¢ by 2.2(iv). Thus
a<cVt<bandt<cVa <cV(aADb)so modularity obtains.

2.4 LemMA. If L satisfies 2.1 (i)-(iv) there is an atom p € L such that
D(p)=1.

Proor. If x, y and z are distinct atoms of L withy < x \/ z then 9 (y) =
D(x \ 2). Clearly D (y) < D(x \ z) so only the reverse inclusion needs to
be proved. Now (x \V 2) A D(¥) = (x A D(»)) V (z A D(»)). But on the
one hand y < (x \V z) A D(p); on the other hand (x A D(y)) V (z A
D(y)=0,x,z0rx\ z Sincey £ 0, x or z,

EVIIANDD)=xADD))VEADY)=xV:z

and x < D(y),z < D(p). Thus x \/ z < D(p) and D(x V z) < D(y) so
equality obtains. Now let ¢, be an atom of L. If ©D(g,) = 1 we are done.
Otherwise let 5, be an atom such that s; &€ D(q,). Let ¢, < ¢,V 5y, ¢, #
g1 51 D(gqy) < D(q; V 5;) = D(q,). Similarly we can find D(g;) > D(q,)
and obtain a chain 9 (q,) < D(g,) < - - - < D(g,). But D(g) € D(L) C
M (L) and A(IM (L)) < o so the chain is finite. It is easy to see that its
largest element is 1, so we are done.
The two preceding lemmas immediately yield this corollary.

2.5 COROLLARY. Let L satisfy 2.1()-(iv). Then there is an atom p € L such
that O (L)(p, 1) is a projective geometry of height greater than or equal to 3.

It is well known that such a geometry is the lattice of subspaces of a vector
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space over a division ring. We next show that the division ring in question is
ordered.

2.6 LEMMA. Let L satisfy the hypotheses of 2.1. If p is an atom of L such that
D(p) =1, then whenever a is an atom of L, a # p, there exists an atom
be L,b+psuchthatp < a\/ b.

ProoF. We set S = {x: x an atom of L and x = p or x # p and there is
y # p with p < x\/ y}, and show by heavy use of 2.1(v) that the atoms
under \/ S are exactly those in S. We next show that \/S is in D (L) and the
result follows.

2.7 LEMMA. Let L satisfy the hypotheses of 2.1. Let p be an atom of L such
that D (p) = 1. Then N(L)(p, 1) is the lattice of subspaces of a vector space V
over an ordered division ring R.

PrOOF. Select and fix an atom z # p. Next select and fix an atom ¢ such
that q K sz, and an atom e such that e < zV g, e # 2z, e # q. Let

= {7t an atom of L, CVHOANPVg=0and t<zVpV gq). For
t € A, define 4, = {x|x an atomof Land ¢t < p\/ xorx < p\/ t}. It can
be shown by considering several cases that 4, is the set of atoms under an
element of L ie., if a and b are atoms in 4, and ¢ is an atom such that
c < a\Vb, then ¢ is in 4, as well. Thus from now on we will refer to
V{x|x € 4,} asp\/ ¢, and if x is an atom under p V/ t, then eitherx < pV
tort < p\ x. We next note that for t,s € 4, (¢ V s) A(p V ¢) = 0. This
is so because by definition of A neither ¢ nor s is under p 'V ¢. But if
(V) A(pV g) = v where v is an atom unequal to ¢ or s, by 2.1(v) either
tCVaINQ Vg #0or(sV2)A(P \/ ¢) # 0. Both of these possibilities
lead to contradictions since s and ¢ are in 4. We can further show that A4 is
the set of atoms under some lattice element, for if ¢;, 1, € 4 witht; < ¢, \/ t,,
then #; € A. Again this is proved by several cases making heavy use of 2.1(v).

We can next show that for t € A4 exactly one of three conditions holds:

1) CVON(PVe =0 (VaA(PVz)=0.
© VAPV #0, (VHA(PV2)=0.
®) CVONPVeE#O (EVA(PVz)#O.

This is so because if (£ \/ g) A (p \V €) = 0 but there is an atom k = (¢ \/
DNA(pV 2), theneitherk < p\/zorz< pVVk.Ifk=zthenz<tVgq.
Bute < z\/ gsoe <tV g Thusz = k = ¢, a contradiction. If k = p then
P,q<t\gsot< pV g, again a contradiction. Thus if k < p \/ z exists it
is unequal to p or z so we can make use of 2.1(v), namely (p VV e) A (k V 2)
#0or(p V] e) A\ (k' q) # 0. In the first instance (p \V e) N (k \/ 2) must
equal p, so p < k\/ z which is impossible since k < p V/ z. In the second
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instance if (pVe)/\(qu) = r, then since r < k\/ g and thus r € 4.
Thusr < pVVeandr< (p VARV 9)a contradiction. A similar sort of
argument shows that if z < p \/ k, then (p \/ €) A (¢ \V ¢) # 0 and therefore
exactly one of (1), (2) and (3) holds. If condition (1) holds we will say e — ¢;
in case of (2) we will say z—t— e and (3) will be written ¢ — z. Again
making use of 2.1(v) we can show that if s is an atom with s < 7/ p, (1), (2)
or (3) holds for s iff the same condition holds for ¢. Thus we can define

p\ e—p\/ tif (1) holds for ¢,
PV z—p\ t—pV eif (2) holds for ¢, or
p\ z—p\/ tif (3) holds for ¢,

and have an ordering on the elements of the form p \/ ¢ for t € A. We shall
define @ to be {p \/ ¢|(1) or (2) holds for ¢} = {(p WV i@V OA (P V 2) =
0}. By 2.6 we find that the elements of the form p \/ ¢ for ¢ an atom in 4
correspond to the elements of the coordinatizing division ring where we shall
take p \/ ¢ as the “point at infinity” with p \/ e as the identity [2]. It is well
known that the division ring obtained is independent of the choices of the
zero, identity and subspace at infinity [2], so making these choices does not
affect what follows. We will show that & satisfies the conditions for the
positive elements of an ordered division ring. In order to do this we need to
recall the processes of addition and multiplication in this setting,

We first select s € p \/ ¢ \/ z, with s an atom. We shall refer to )4 V] q Vs
as - it will play the role of a subspace at infinity. Let @ and ¢ be elements of
A such that p\/ a and p \/ ¢ are in 9. Without loss of generality we may
assume (pVa)A(@Vz)=aand (p Ve)A(@V2z)=c, and that a < z
V ¢. To find (p V z) + (p V/ ¢) we first select u, an atom under = such that
uKpVgq Lett <u\c;t+u,e;tanatom. By 2.1(v) there is an atom v
such that (z \/ ©) A (¥ \/ q) = v. By considering the various possibilities and
using 2.1(v) we show # < z \/ v. Next by similar methods we prove that there
is an atom y such thaty = (1 \/ ¢) A (a\/ v), and thaty < ¢\/ q. Again we
show that there is an atom r with (u \/ y) A (a V q) = r. It follows from the
coordinatization method in [2] that p\/ r is (p \V @) + (p V/ ¢). Also it is
clear that p\/r€ 9 since r<a\Vg<zVgso (pV2)A@@Vr)=0.
Thus the sum of elements in & is again in 9. We shall just sketch the proof
that @ is closed under products-and make the remarks that all letters
introduced are atoms which can be shown to exist. Let a, c and u be as above
witha<eVec Lett<u\c;t#uc Then (e\VH) AV g)=v and
t<eVoNow(zVHA(@Vv)y=yandt=(zVy)AeV v). Now (u
VIA@Vg=randpVr=(pVa)pVec)Sincer<aVg,pVre
®. In similar fashion we show that (p VV a)(p V) E P whene < aVc,
and a,¢ < z\/ e. Thus 9 is closed under multiplication. We further show
thatif z < a\/ ¢, then —(p \V/ @) = p \V/ x where x < z\/ ¢ which yields the
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result that {p\VVit€A} =P U {pVz}Uu{-(pValpVa€E P} and
our division ring is ordered.

At this stage we have shown that for any lattice L satisfying the hypotheses
of 2.1, there is an atom p € L such that ONU(L)(p, 1) is the lattice of
subspaces of a finite dimensional vector space over an ordered division ring.
We next look at the order relation — in a slightly different way with a view to
obtaining a connection between the order relation on L and the ordering of
the ring. In the remainder of this section we shall assume L satisfies the
hypotheses of Theorem 2.1.

Fort € A,weknowp \/ t € @ iff (1t \/ ¢) A (p V z) = 0. Thus we are led
to make this definition.

2.8 DEFINITION. For 1, € A wesay t > ¢ iff (/’ \V @) A(p \/ 1) = 0.

By methods similar to those employed in Lemma 2.7 it is not difficult to
show that a trichotomy law obtains, namely that for ¢, ' € A exactly one of
pVt=p\ t,t>t,ort >t holds. Furthermore the current definition of
— does not depend on particular elements in p \/ ¢ as the following lemma
shows.

29LEMMA. Lety < p\/tandt —t. Thent' — y.

PROOF. (1 \/ ¢) A (p V ') = 0. Now if y — ¢ we would have (¢ \/ ¢) A (p
V) =0.But ('’ VAPV =(V g A(pV 1) +0,a contradiction.
Ifp\Vy=p\ t,thenp\/t=p\/ ¢, again a contradiction. Thus the only
possibility is ¢’ — y.

2.10 LEMMA. If t,u,w € A with t > u and u — w, then t > w.

ProOF. We shall sketch the proof of this result, which depends heavily on
2.1(v). We need to show that (w \/ ¢) A (p V ¢) = 0. We obtain contradic-
tions in case the meet above equals w or g, so we can assume that if it is not
zero, it is x < w\/ ¢, x # w, q. By 2.1(v) we can show that (p \V ) A (w VV
u) = y. Repeated use of (v) yields contradictionsify < p\/ xorif x < pV
y. But if x exists, itisin 4, asisy, sowe get (W \/ @) A (p \VV £) = 0.

What we now have is an ordering which can easily be made into a total
ordering on our division ring such that %, as defined before, is the set of
positive elements.

2.11 LEMMA. Let a,b,c € A witha < b\/c. Thenifb—>c,b—>a—c.

PrOOF. By trichotomy we know that (c \/ 9) A (p vV b)=0 and (p V )
AV q) = tforsomeatomt. Thus(pVV)A(@a\V q)#0or(pV H)A(a
\/ b) # 0. The second possibility contradictsa < b\/ c¢so(p V ) A(q V a)
#0. Thus (p \Vc)A(gV a)#0 and a — c. A similar sort of argument
show b — a. We should note that we have used in this proof, one result
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immediately obtained from trichotomy, namely that for x, y atoms of 4, x £
PV,
(PVX)A(@Vy)=0 iff (pVy)A(qV x)#0.

Having obtained 9L(L)(p, 1) as the lattice of subspaces of a finite dimen-
sional vector space over an ordered division ring R, we now cease to refer to
the elements of R as elements of the form p \/ ¢ for t € A, but will use Greek
letters instead.

We now state without proof a result about vector spaces coordinatized by
ordered division rings.

2.12 LEMMA. Let V be a vector space over an ordered division ring R. Let
{0, X, Y} be a plane in that space. Then R is isomorphic to {1(0, Z)|/(0, Z) #
10, X) and Z € {0, X, Y}}. This isomorphism is given by f(a) = 1(0, aX +
Y). Clearly if a is between 0 and 1 in R, then f(a) is of the form 1(0, BX + (1
— B)Y) with B strictly between 0 and 1 and conversely.

2.13 PrOOF OF 2.1. Select and fix an atom p € L such that % (p) = 1. Since
by previous results JM(L)(p, 1) is the lattice of subspaces of a finite dimen-
sional vector space ¥ over an ordered division ring R, we can select
{X),...,X,} as a basis for V. Then /(0, X;) corresponds to p \/ x; where
Xy ..., X, are atoms of L. We shall rename the atoms of L as vectors in V.
Let p=0€ V and x, = X,. Let x, = aX, where « is an undetermined
element of R. If p \/ s corresponds to /(0, X; + X,) we can choose our x, in
such fashion that (p \V s) A (x; V x,) # 0. For ¢ < x; \/ Xy, t # X, X, then
p V tcorresponds to /(0, X, + BX,) for some known 8 € R. We set

t=(1+Ba )7\ (X, + BXy) = (1 + Ba™") " '(X, + Ba='(aX,))

and refer to ¢ as (@)X, + 1,(a)X,. By the ordering of R done previously
using 2.11 and 2.12 we find thatif r < s \/ r < x; \/ x, then

H(a)X, + (a)a~ (aX,)

= p(si(@) X, + sp(a)a”(aX;)) + (1 = w)(ri ()X, + ry(a)a™'(aX,)),
where 0 < p < 1in R, i.e., that ¢ is a convex combination of s and r. We
observe that if {X;,...,X,} is a basis for ¥, so is {(1 + a™")7'(X, +
X), Xp, ..., X, }. Welety = (x; \V x)) A (p \V w) where w is an atom with
p \V w corresponding to /(0, (1 + a™")7!(X, + X,)). We take t < (y \/ x,), ¢
# », X, and note that s has been set equal to (1 + Ba~')~!(X, + X)) for
some known B. However repeating the process above with the new basis, ¢ is
set equal to (1 + ya ™ 1)7!((1 + a™)~(X, + X,) + yX,) for some known 7.
The two expressions for 7 enable us to find a and the determation of a can be
shown to be independent of ¢ by 2.11 and 2.12. If s < p \/ x, we will set
s = 6X, and find § as we found a.
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For s < pV x, s # p, x;, we select 6X, < p\/ aX, and consider (s \/
aX)) A (X;V 6X,) = w.Nowp \/ w = [(0, X, + BX,) for some known S, so
we can compute in terms of §, w as w;(8)X, + w,(8)X,. Then we compute
I(aX,, wi(8)X, + wy(8)X,) N (0, X,) and obtain s as s(6)X,. Again the ring
order yields 0 < s(8) < 1, and s(8) is independent of the choice of z.
Furthermore we note that for w < p \/ x; \V x,, w can be represented as
pX; + paX, with0< p,u < L Alsoif 0 < s < t\/r < pVx VX, then
the representation of s is a convex combination of the representations of ¢
and r.

If g is an atom of L such that g < p V x, \V x, with q < x \/ x,, then for
x < x]__\_/xzys# xpxz’ (‘I\/S)/\(P\/xl)?’:om' (E_Vs)/\(pVxZ) ?‘:0°
Alsop \V/ g = I(0, X; + BX;) for some known Borp\/ ¢ =1(0,X,)ifg < p
V x,. Using this information we get g as a linear combination of 0, X, X,.
Again g < r\/ s implies that g will be represented as a convex combination
of the representations of r and s. Thus the atoms under p \/ x, \/ x, are
representable as the vectors in a convex subset of the plane in ¥ determined
by X, and X,.

We now repeat the above process using X, and a’X; for some a’ € R. By
selecting ¢ < p \/ x;, we already have g represented as yX,. Thus we can
easily compute o'

We continue this process, choosing x; so that p V] x; is (0, X;) and obtain
each atom g in L represented as a linear combination of the X; with
q < rV/ syielding g as a convex combination of r and s.

Conversely, given r and s as the expressions, any convex combination of
these will be the expression for an atom under » \/ s, and the atoms of L can
be represented as the vectors in a convex subset C of V with the line segments
being the joins of pairs of atoms.

By compact atomisticity and additivity we can show that the vectors in any
convex subset of C are exactly the atoms under some element of L, and,
conversely, obtaining L as the lattice of convex subsets of C.

Routine linear algebra arguments show that if V is a vector space over
ordered division ring R with C a convex subset of V, then the lattice of
convex subsets of C satisfies the lattice theoretic hypotheses of Theorem 2.1
s0 the proof is complete.

3. Distributive centers of additive lattices. We collect here some elementary
results on distributive centers with a view to obtaining an extrinsic characteri-
zation of the face lattice of a convex polytope.

3.1 LeMMA. Let L be any lattice. Then if z and w are elements in D (L),
zAwE€ED(L).

PROOF. Let x,y € L. Then
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EAZAMVOAzZAW)=(xADIVP A AW
=((xVI)AND)DAw=(xVY)AN(zAW).

3.2 THEOREM. If L is compactly atomistic and additive, then D (L) is closed
under arbitrary meets.

PROOF. Let {2,},c; C D(L) with x and y elements of L. Let ¢ be an atom
under (x \/ y) A (/\z). Then ¢ < x, \/ y, where x, and y, are atoms under x
and y respectively. Thus ¢ < (x; \/ y;) /\ z; for any i and then ¢ < (x; A 2)
V (1 A 2). If x; A (/\z) = 0 then x; A z, = 0 for some zy, 50 < y; A 2o
and thus =y, and t < AN S ANV ANZ). IE A
(Az) = x, then x; < Az and x; V(1 A A\ z) = (x; Vy) A(/\z) by
2.2(i) since D(L) C OM(L). Thus ¢ < (x; \V y1) A (/\z) implies ¢ < (x; A
A2V i AN2) < x ANV A(Az)) and (x V) A(A\z)
< (x A (Az) V(2 A (/\z)). Since the reverse inclusion always holds, 9 (L)
is closed under arbitrary meets.

3.3 COROLLARY. Under the hypotheses of 3.2, D (L) is a complete lattice in its
own right, and is a meet-sublattice of L.

3.4 THEOREM. Let L be additive and atomistic. Then z € D (L) iff (p V q)
ANz=(pN2)V(qAz) for all atoms p and q in L.

PrROOF. One implication is trivial. Let (p VA z=(p A2V (@A 2)
for all atoms p,q in L. Let x,y € L and let atom ¢ < (x \V y) A z. By
additivity there are atoms x; < x, y; < y so that

t=(x VIDANz=(xA2)V(n A2) S(xA2)V (¥ \2).
As in the proof of 3.2, z € D(L).

3.5 CoROLLARY. Let L be the lattice of convex subsets of C a convex subset
of vector space V over ordered division ring R. For w € L, w is a face of C iff
w € D(L).

PrOOF. Let w € 9 (L). Let p, g be atoms of L such that (p \/ @) A w #*
0,p,9. Then (p AWV (@AW #0,p,q. If t #p,q is an atom under
@AWV (@AW), thenif pAw=0,t< gAw and ¢t = q. Similarly if
gAw=0,t=p. Thusp Aw#0#gAw,andp=p A wwithg=gA
w.Thus (p V@) Aw=(p Aw)V (g /A\w)=pV g, and by definition w is
a face of C.

Conversely if w is a face of C, a simple argument using Theorem 3.4 shows
that w € D(L).

3.6 CorOLLARY. If L is as in 3.5, then the extreme points of C are exactly
those atoms of L which are D (L).
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The proof is immediate.

3.7 THEOREM. M is the face lattice of a convex polytope iff M = ) (L) where
L satisfies the hypotheses of 2.1 and there exist atoms p,, . . ., p, € D (L) such

thatp,\/ - -+ Vp,= 1.
The proof follows from the results of §2 and Corollary 3.5.

4. Conclusions. In §2, we characterized lattices of convex subsets of convex
sets. This characterization was limited to those convex sets whose linear spans
are finite dimensional, since we needed to have an atom p such that %) (p) =
l-namely a nonempty algebraic interior. The characterization theorem still
holds if we drop the finite dimensionality assumption, and replace it with the
existence of an atom as described above. It would be interesting however to
characterize lattices of convex subsets of convex sets in general-this may be
possible by using categorical constructions on those sublattices which satisfy
our dimensionality condition.

Furthermore it would be interesting to give intrinsic conditions on a lattice
L which would insure that it is the distributive center of a lattice satisfying
the hypotheses of Theorem 2.1-some categorical tools might again be of use
here.
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